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Abstract. We classify afEne varieties with an action of a connected, 
reductive algebraic group such that the group is isomorphic to an open 
orbit in the variety. This is accomplished by associating a set of one- 
parameter subgroups of the group to the variety, characterizing such 
sets, and proving that sets of this type correspond to afiine embeddings 
of the group. Applications of this classification to the existence of mor- 
phisms are then given. 



1. Introduction 

A basic problem in algebraic geometry is the study of algebraic actions. 
Even actions with a dense orbit are not well understood. Let G be an alge- 
braic group. A quasihomogeneous variety is a normal G-variety possessing 
an open orbit isomorphic to G/H, for some closed subgroup H of G. Toric 
varieties are an important family of quasihomogeneous varieties, where G 
is an algebraic torus and H is its trivial subgroup. A partial classification 
of quasihomogeneous varieties was obtained in the important paper of Luna 
and Vust |14) . Their classification seeks to generalize that of toric varieties, 
but it is only feasible in special cases. In this paper, we solve the equi- 
variant classification problem for one case not covered in jl4j . namely the 
classification of affine quasihomogeneous varieties in which H is trivial. 

A G-embedding is a normal G-variety X that contains an open orbit Q 
isomorphic to G. The closed subvariety dX = X — Q is called the boundary 
of X. Since is an open G-orbit, dX is a G-stable divisor of X unless 
= A. The irreducible components of dX are G-stable prime divisors of 
X. Any toric variety is a T-embedding, in our terminology. Similarly, the 
wonderful compactification of an adjoint group G defined by De Concini and 
Procesi [6] is a G-embedding. All of these examples have both a left and a 
right G-action. Yet our definition of a G-embedding allows the consideration 
of G-varieties with only a left action of the group. Hence, our definition of 
G-embeddings includes all of the biequivariant compactifications already in 
the literature [2], [5], [6], [12], [21] and many more. In this paper, we study 
affine G-embeddings and relate our results with those of Brion [5] in the 
case of a biequivariant affine G-embedding in Section [TUJ 

Suppose X is an affine G-embedding and xq € A is a closed point in 
the open orbit fl. In Section [2l we define a set T{X,xo) of one-parameter 
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subgroups of G associated to the embedding X and base point xq. Properties 
of such sets are cohected in Proposition [H which are then used in Theorem [3] 
to prove that X, as a G-embedding with basepoint xq, is determined by its 
set r(X, xo). Therefore, we turn our attention to the classification of such 
sets in Sections [5] through [8l We prove that sets T{X^xq) arising from affine 
G-embeddings are strongly convex lattice cones, in the sense of Definition HI 
and that any strongly convex lattice cone determines an affine G-embedding 
in Theorem [5l This generalizes the classification of affine toric varieties by 
strongly convex rational polyhedral cones in |12j . 

Lastly, we explore the functoriality of our classification in Sections [9] 
and [ini Specifically, Proposition [3] states that equivariant morphisms of 
affine G-embeddings correspond to the inclusion of their associated cones, 
up to conjugation, analogous to the result for toric varieties. Moreover, our 
classification reveals when an affine G-embedding X has not only a left, but 
also a right G-action compatible with the identification of G with the open 
orbit in X (Proposition U]). Using this, we define a biequivariant resolution 
(Definition [5]) of an arbitrary affine G-embedding and prove its universal 
property in Theorem [6] of Section [TOl 

Notation. We will always work over a ground field fc, which we assume to 
be algebraically closed and of characteristic zero. All algebraic groups are 
assumed to be linear and defined over k, and will be denoted by letters such 
as G and H. In particular, G will refer to a connected, reductive algebraic 
group defined over k. The symbol T will always denote an algebraic torus, 
whether abstract or as a subgroup of G. For an algebraic group H, X^{H) 
will denote its set of one-parameter subgroups and X*{H) will denote the 
group of characters of H. 

Acknowledgments. I wish to express my sincere thanks to my advisors, 
Robert Fossum and William Haboush, for their encouragement and guidance 
as I conducted this work. 

2. One-parameter subgroups 

Our primary method for describing and classifying affine G-embeddings 
X is to make use of one-parameter subgroups of G. We are interested in the 
limits, when they exist, of the one-parameter subgroups of G in X. One- 
parameter subgroups and their limits have been employed in a number of 
applications, including the Hilbert-Mumford criterion of stability [15], the 
construction of the spherical building of the group G [15j and the Bialynicki- 
Birula decomposition of a smooth projective T- variety [1]. For our purposes, 
we will show that an affine G-embedding X is determined by the set of one- 
parameter subgroups 7 of G such that lim7(t)a;o exists in X. 

A one-parameter subgroup of G is a homomorphism of algebraic groups 
7 : Gm — > G, which thus corresponds to a map 7° : fc[G] — )■ k[t,t~^]. Let 
X*(G) denote the set of one-parameter subgroups of G. The group G acts on 
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X*(G) by conjugation, g • 7 : t i— )• g'y{t)g~^ . We will denote the trivial one- 
parameter subgroup t i-7> e by e. Each one-parameter subgroup 7 G 
determines a subgroup 

(1) ^(7) = {5GG:7(t)57r')GGfc[[,]]} 

of G, which is parabolic if G is reductive [15]. In fact, every parabolic 
subgroup of a reductive group G is of the form P{'y) for some one-parameter 
subgroup 7 of G |19j . We define an equivalence relation on the set of non- 
trivial one-parameter subgroups of G by 

(2) 71 ~ 72 if and only if 72(^2) = 57i(i"')5"' 

for positive integers ni,n2 and an element g € P(7i), for all t G A;^. Then 
the quotient — {e})/ ~ is isomorphic to the spherical building of 

G [15|, [221. 

Every parabolic subgroup P of G defines a subset Ap{G) = {7 € : 
P(7) D P} of X*(G). Clearly 7 G Ap(^)(G) for aU 7 G X,(G), so X*(G) = 
IJAp(G) where the union is over all parabolic subgroups of G. In the 
spherical building of G, the images of the sets Ap{G) are simplices and 
constitute a "triangulation" of the building |15j . 

The inclusion of k[t,t^^] in k{(t)) allows us to view as a subset 

of = Homfe(/c[G], the set of k{{t))-pomts of G. Let (7) G 

Gk{{t)) denote the point corresponding to the one-parameter subgroup 7. 
The group Gk({t)) contains the subgroup Gj^[[t]], which consists of all k{{t))- 
points of G that have a specialization in G as t ^ 0. The group Gf:(^(^t)) is 
the disjoint union of the double cosets of Gfc[[f]], as described by the Iwahori 
decomposition: 

Theorem 1 (|10j. Cartan-Iwahori Decomposition). Let G be a reductive 
algebraic group over k. Every double coset of Gj^(^(^^-^^ with respect to the sub- 
group Gfc[[^]] is represented by a point of the type (7), for some one-parameter 
subgroup 'j of G. That is, 

(3) Gfc(W) = U Gk[[t]]{l)Gk[[t]] 

Furthermore, each double coset is represented by a unique dominant one- 
parameter subgroup. 

This decomposition enables us to replace /c((t))-points of G with one- 
parameter subgroups. 

3. Limits of one-parameter subgroups 

Let X be a G-variety. Each point x of X determines a morphism ipx '■ 
G ^ X hy ipx{g) = g ■ x. For a point xq G X and a one-parameter subgroup 
7 of G, we say lim 7(^)2^0 exists in X if V'a.-o ^ T • 

— > X extends to a 

morphism ^ : h} ^ X. In this case, lim7(t)xo is defined to be 7(0). That 
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is, the composition of V'xo • ^i-^] ~^ with 7° : k[G] — > k[t,t ^] factors 
through kit], and the hmit, lim^(t)xQ, is the A:-point of X corresponding to 

t—>-0 

the composite k[X] — > k[t] — > k sending t — > 0. This is described by the 
diagrams: 

Gm — Ai k[X] k[G] 

I 

I 70 7o 

V V 



Similarly, if A is a k((t))-pomt of G, then limA(t)xo exists in X means 

The following lemma is used frequently hereafter. 

Lemma 1. Suppose A G Gki^^f^-^ and a G G'fcjjtj], so that a has specializa- 
tion ao £ Gfc. i^et X he an affine G-emhedding with base point xq. Then 
Urn [A(i)xo] exists in X if and only if \\m[a{t)X{t)xQ\ exists, in which case 

(4) lim [a(t)A(t)xo] = ao • hm [A(t)2;o]. 

The proof is straightforward. 

Remark 1. Suppose X is a biequivariant G-embedding, so G has both a left 
and a right action on X and G may be identified with an open subvariety 
r2 which is stable for both actions. Then we could amplify Lemma [1] as 
follows: If a,/3 G G^fc[[t]] ^"^^ ^ ^ then liniA(i)xo G X if and only if 

lim [a(t)A(t)/3(t)xo] G X, in which case 

lim [a(t)A(t)/3(t)xo] = ao • [hm A(t)xo] • /Sg, 
t— >o t— >o 

where • xq = xo • (i'{t) for some /?' G Gfc[[(]] and ao,l3Q G Gfc denote 

the specializations of a, f3', respectively. However, we must be careful, for 

lim [a(t)A(t)/3(t)xo] does not have to equal lim [aoA(t)/3oXo], where ao,/3o 
t— >-o t->o 

are the specializations of a, /3 [llj . 

Theorem 2 ([llj. Theorem 1.4). Let X be an affine G -variety. Suppose 
that Y is a closed G-stable subvariety of X and that xq € X is a closed 
point such that the closure of the orbit Gxq intersects Y . Then there is a 
one-parameter subgroup ^ of G such that lim7(t)xo G Y. 

i->0 

4. One-parameter subgroups of an affine G-embedding 
Definition 1. Given a G- variety X and a point xo G X, define 

(5) r(X, xo) := {7 G X*(G) : lim7(t)xo exists in X\. 
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We will be interested in the structure of such sets of one-parameter sub- 
groups when X is an affine G-variety and the orbit of xq in X is open and 
isomorphic to G. We call such an xq € X a base point. Before we proceed, 
we make some immediate observations about such sets. 

Proposition 1. Let G he a connected reductive group. Suppose X is an 
affine G-embedding and xq & X is a base point. 

a. If x'q = hxQ, then r(X, Xg) = hr{X, xo)h~^ . 

b. //7Gr(X, xo) andj^e, then ^r{X,xo). 

c. IfT is any torus of G, then Txq = T^, where a = T{X,xq) nX*(T) 
is a strongly convex rational polyhedral cone in X*(T) [12j. 

d. If J ^ T{X,xo) and p G -P(7), then p^{t)p~^ € r{X,xo), and more- 
over 

(6) T{X, xo)= [j P. {T{X, xo) n Ap{G)) 

PCG 

where the union is taken over all parabolic subgroups P of G. 

e. The image o/r(X, xq) in the spherical building is convex (\15\ . Def- 
inition 2.10). 

Proof. First, T{X, xq) depends on the base point xq as follows. Suppose x'q G 
so Xg = /i-xo for some unique h & G (because G ^ is an isomorphism). 
Then r(X, Xg) = hr{X, xo)h~^ for if 7 G r(X, xg) (that is, if lirn7(t)xo G 

X), then lim (/i7(t)/i~^)xg = lim /i7(t)/i^-'^/ixo = lim/i7(t)xo = /ilim7(t)xo, 
t^o t—'O t—^o t—^o 

which exists in X. Therefore hT{X,xo)h~^ C r(X, Xg). By symmetry, since 
xg = /i~^Xg, h~^T{X, XQ)h C r(X, Xo), so r(X, Xg) C hT{X,xo)h^^ . Hence, 

(7) r{X, h-xo) = hr{X, xo) h-^ 
for any h £ G. 

Second, as X is affine, if 7 G r(X, xo) and 7 is not the trivial one- 
parameter subgroup e : t I— )• e, then 7^^ T{X,xq). Otherwise, if both 
lim7(t)xg and lim7~^(t)xo exist in X, then the composition ipx^ 07 : Gm — > 

X extends to a morphism 7 : P"*^ — )■ X, which must therefore be constant, so 

7 = 

Third, if T is any torus of G, then Txq = To-, where a C X*(T) is the 
strongly convex lattice cone r(X, xq) H 3C*(T) from toric geometry. 

Now suppose 7 G r(X, xq) and p G Pij). Then p • 7 • p~^ also be- 
longs to T(X,xo), for lim[(pj(t)p~^)xo] = lim fo(7(t)p~^7(t~^))7(t)xo] = 

t^o i->0 

p[lini7(t)|?~"^7(t~"'^)][liin7(t)xo] exists in X by Lemma [T] and the definition 

of P(7). Therefore, it is clear that r(X,xo) = [Jp^c! P»(r{X,xo)nAp{G)), 
where the union is taken over all parabolic subgroups P of G. 

Lastly, if 5i,52 G (r(X, xq) — {e})/ ^, then there are one-parameter 
subgroups 71,72 G r(X, xq) such that 5i = [ji] is the equivalence class of 
7j. The one-parameter subgroups determine parabolic subgroups -P(7i) and 
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-P(72), whose intersection contains a maximal torus T of G. Then 71 and 72 
are equivalent to one-parameter subgroups 7^,72 S X*(r) and di = [7-]. By 
part 4, 7i,72 € r(X, xq) as well. Then 71,72 G T{X,xo) H j£*(r), which is 
the strongly convex rational polyhedral cone associated to the toric variety 
T C X by part 3. As strongly convex rational polyhedral cones are convex, 
the line in X*(T) joining 71 and 72 is contained in T{X,xq) n j£*(r), and 
hence the line in the spherical building joining 61 and 62 is contained in 
the image of T{X,xo), so this image is semi-convex. It is convex by part 2, 
which implies no pair of antipodal points of the building can belong to the 
image of T{X, xq). □ 

Each 7 G may be viewed as a /c((t))-point of G. In [H], a G-stable 

valuation v\ is associated to every A G in the following way. As A is 

a k{{t))-pomt of G, we obtain a dominant morphism 

G X SpecA:((t)) GxG G. 

This morphism induces an injection of fields ix : k{G) — > Frac(A;(G) (^k 
k{{t))) k{G){it)). Then vtoi^: A;(G)^ ^ Z is a valuation of k{G), where 
vt ■ k{G){{t))^ ^ Z is the standard valuation associated to the order of t. 

We define v\ = — (vtoix), where G Z is the largest positive number such 

that {vt o ix){k{G)^) C tt-aZ (except when A = e, in which case Vs{f) = or 
00 as /(e) 7^ or = 0, respectively). This is G-stable by left translations, 
i.e., vx{s-f) = vx{f) for all s G G, since ix is clearly equivariant and A;(G)[[t]] 
is obviously stable for left translations by G in k{G){{t)). We include some 
of the properties of these valuations that are proven in [H] in the following 
lemma. 

Lemma 2 (|14j). a. iei 7 be a one-parameter subgroup ofG. For each 
f G k{G), there is an open subset U C G, depending only on f, such 
that 

(8) v^{f)=mfvt{f{s-jm 

b. Let 7i,72 be one-parameter subgroups of G. Then v^^ = v^^ ^/ '^''^d 
only z/7i ~ 72. 

Proof. Part 1 is Lemma 4.11.1 in [Ti], where U = {s e G : f{s) ^ 0}. The 
second part is the result of Propositions 3.3 and 5.4 in [14j. □ 

The sets of one-parameter subgroups T{X,xq) described in Definition [T] 
are significant for the following reasons. The first result, which will serve as 
our foundation for the classification theorem in Section [U is a uniqueness 
theorem which shows that an affine G-embedding X with base point xq is 
determined by the set r(X, xq). The second demonstrates that the prime 
divisors on the boundary of an affine G-embedding correspond to equivalence 
classes of edges of the set T{X,xo). 
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Theorem 3. Let G he a connected reductive group. If X is an affine G- 
emhedding with base point xq, then X = Spec Ap(x,zo)? where 

(9) Ar(x,.o) ■■= if e k[G] ■■ v^if) > for all 7 G T{X, xq)}. 

Proof. The base point xq defines a morphism -i/^jjg : g ^ g ■ xq from G 
to X. As both G and X are affine, t/'xo corresponds to a homomorphism 
V'^o '■ k[X] — > A;[G], which is injective since the image of G is open in X 
and X is irreducible. The image of ■(/'zo ^^^^ ™ subalgebra Ar(x,a:o) 
since every 7 G r(X, xq) extends to a morphism 7 : A-*^ — )• X so that 
f{g ■ 7(0)) exists, which implies that v^{f) = inig^Gf "Vtifis ■ 7(t))) > 
for all / G We claim that k[X] = Aj^(^x,xo)- suffices to show 

that every / G ^r(x,a;o) extends to a regular function on X to prove that 
k[X] — )• Ar(x,a;o) is surjective and hence that k[X] = Ar(x,xo)- 

Suppose not and assume that / G ^r(x,a;o) in the image of k[X]. 

Then / fails to extend to a regular function on X, but it is defined on 
O = Gxq by f{g-xo) := f{g). Let P be the divisor of poles of / in 
X. Then P is closed, has codimension one in X, and P C dX. Let D 
be an irreducible component of dX and hence a closed subvariety of X. 
Since OX is G-stable and G is connected (and so is irreducible), D is a G- 
stable prime divisor since cg G G fixes the generic point of the irreducible 
subvariety D. Therefore, Theorem [2] provides a one-parameter subgroup 71) 
of G with lini7£)(t)xo G so 7/) G r(X, xq). Yet / G Ay(^x,xo) implies 

that f-yo(/) ^ 0) so / must be defined on the orbit G[lini 7i5(t)xo] C D. 

Therefore, P fl -D is a closed subset of D not equal to D, since P does not 
contain G[lim 7£)(t)xo] C D 

if) ^ 0. Thus the codimension of P in X, 

which is equal to the minimum of the codimensions of the PnD as D ranges 
over the irreducible components of dX, is at least 2. This is a contradiction. 
Hence every / G ^r(x,a;o) extends to a regular function on X, so is in the 
image of ip°^. Therefore, tp°^ : k[X] — > Aj^(^x,xo) is an isomorphism, so 
X = Spec^r(x,xo) ^s claimed. Furthermore, the selected base point xq G X 
corresponds to the maximal ideal = ('i/'2g)~"^(me n ^r(x,xo)) of H-^] 
as t/'xo identifies / G ^r(x xq) with the unique extension of the function 
fig ■ xo) := fig) to X. ' □ 

Corollary 1. Let X be an affine G-embedding with base point xq. If x'q = 
hxQ is another base point, then 

(10) Ar(x,h-xo) = '^hiAr(x,xo)), 

where r^ denotes right translation by h in k[G], ?'/i(/)(x) = /(x/i). 

Proof. Suppose X is an affine G-embedding. We have shown in ([7]) that 
the set r(X, xo) is determined by X only up to conjugation, as any other 
base point is of the form h ■ xq for a unique element h € G and r(X, h ■ 
Xq) = hTiX,xo)h~^. We now show that Ar(x,h-xo) = rhiAr(x,xo))- Sup- 
pose / G rhiAri^x,xo))- Then / = rhif) for some /' G Ar(x,a;o)i which 
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means that v^{f') > for all 7 G T{X,xo). If 7' G r(X,/i • xq) = 
hT{X,xo)h~^, write 7' = /i • 7 for 7 G r(X, xq). Using formula [8l one 
can easily show that Vh,^[f) = v-y{f') > 0. Therefore, / G >ir(x,h-xo)) 
so rh{AY(x,xo)) C Ar(x,/i-xo)- Likewise, (Ar(x,h x,,)) C ^r(x,xo)) so 
'^?.(^r(x,xo)) = ^r(x,h-xo) as claimed. □ 

By Theorem [3] and Corollary [U the classification of affine G-embeddings is 
equivalent to the characterization of such subsets of 36* (G) that are obtained 
from affine G-embeddings. In order to classify admissible subsets T, we will 
explore the properties of the sets T{X, xq) for arbitrary affine G-embeddings 
X with choice of base point xq in the following sections. 

5. The one-skeleton of T{X,xo) 

If cr is a strongly convex rational polyhedral cone in X*(T)]r, let cj(l) 
denote the set of rays of a, a{l) = {t < a : dimr = 1}. This is called the 
one-skeleton of the cone. By Proposition [H for each maximal torus T of G, 
r(X, Xq) n X=k(T) is a strongly convex rational polyhedral cone in X*(T). 

Definition 2. Let X be an affine G-embedding with base point xq. The 
one-skeleton of the set r(X, xq) is 

(11) ri(X,xo) ■.= \J[T{X,xo)nX,{T)]{l), 

T 

which is the set of extremal rays of T(X,xo). 

Recall the equivalence relation on one-parameter subgroups defined in 
Equation [21 Equivalence classes under this relation are now given a geomet- 
ric interpretation. 

Proposition 2. There is a bijection between Ti(X, xq) / ~ and the finite set 
of prime divisors of X contained in dX . 

Proof. Write X = r2Ul?iUD2U- • - UDr, where Di, . . . , are the irreducible 
components of dX. Thus each Di is a G-stable prime divisors of X. 

Suppose that p G Ti(X, xq). Then there is a maximal torus T of G 
such that p G [r(X, xq) H X*(T)](1) is a ray of the strongly convex rational 
polyhedral cone r(X, xq) fl X=i,(r) corresponding to T C X. Prom the de- 
scription of T-stable divisors in toric varieties in [8], the ray p corresponds 
to a prime divisor Dp in T. Thus Dp is an irreducible T-stable subvari- 
ety of T, so G ■ Dp is an irreducible G-stable subvariety of X, as both G 
and Dp are irreducible. Moreover, G • Dp is contained in dX, so there is 
a G-stable prime divisor Di of X such that G • Dp Q Di CZ X . However, 
codimx(G • Dp) = dimX— dimG- Dp = dimG— (dimG+dimDp— dimT) = 
dimT — dim Dp = codim7|T(L)p) = 1. Thus, as G • Dp is irreducible and of 
CO dimension one in X, and G • Dp C Di X , where Di is also irreducible 
and of codimension one, we conclude that G • Dp = Di. Therefore, there is 
a map cp : Ti{X, xq) {Di, -D2, • • • , Dr} given by ip{p) = G ■ Dp. 
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The map (p is surjective, as any of the prime divisors Di of X are closed 
G-subvarieties, and thus contain the hmit point of some one-parameter sub- 
group 7 G r(X, xo) by Theorem [2l This 7 is a one-parameter subgroup of 
some maximal torus T of G, so Tfi ^ is a T-stable divisor of T. Hence, 
there is a prime divisor Dp of T corresponding to a ray p £ T{X, xq) nX*(r) 
such that Dp C T f] Di. Thus G ■ Dp C D^, from which we conclude 
G ■ Dp = Di as before. 

Furthermore, ip respects the equivalence relation ~ described in ([2]), for 
if 7p denotes the first lattice point in X*(r) along p and 7p^ ~ 'jp^, then 
lim7p, (t)xo and limjp„(t)xo belong to the same G-orbit in X, and hence 

to the same prime divisor D of X, as D is G-stable. Therefore, G • Dp^ = 
D = G ■ Dp2 , from the discussion above. Hence (p induces a well-defined 
map p : Ti{X,xo)/ {Di, D2, ■ ■ ■ , Dr}, which is surjective. 

We prove that p is an injection. Let p G Ti{X,xo) and let jp denote the 
first lattice point in X*(G) along p as above. The ideal T{X,0{G ■ Dp)) = 
{/ e k[X] : / = on G • Dp} is equal to k[X] n xn^^^, where m„^^ = {/ G 
k{G) : v^^{f) > 0} is the maximal ideal of the valuation ring = {/ € 
k{G) : f7p(/) > 0}. For Dp = T ■ Zp, where Zp = lini7p(t)xo € T, so 

that G ■ Dp = G ■ Zp as well. Thus, if / G k[X] nnxt,^^, then f{zp) = 
/(lim7p(t)xo) = limt^Tp^-^^n = 0, where u £ k[X] n O^^ , since v^p{f) > 0. 

Therefore k[X] n rrii,^^ C r{X,0{G ■ Dp)), where both are prime ideals in 
k[X] and the latter is of height one. Hence they are equal. Therefore, v-y^ is 
the valuation of the prime divisor G ■ Dp in X. Suppose pi,p2 £ ^i{X,xq) 
such that 7p^ 9^ 7^2 • Then v^^^ 7^ v^y^^ , so G ■ Dp^ 7^ G • Dp^ . Hence 
Ti{X,xo)/ ~ — > {Di, D2, . . . , Dr} is injective. Therefore, ri(X, xq)/ ~— )• 
{Di, 1)2) • • • ) -D,.} is a bijection. □ 



6. Kempf states 

Our sets T{X,xo) of one-parameter subgroups associated to an affine G- 
embedding are identical to sets arising in geometric invariant theory as stud- 
ied by Mumford [15j , Kempf [llj and Rousseau [18j . In [Ij , Kempf describes 
such sets in terms of bounded, admissible states as follows. 

Definition 3. A state H is an assignment of a nonempty subset C 
X*{R) to each torus i? of G so that the image of H(i?2) in X*{Ri) under the 
restriction map X*(i?2) X*{Ri) is equal to whenever Ri C R2 are 

tori of G. 

For each fc-point g of G, we have maps g\ : X* {g^^ Rg) — X*{R) defined 
by {9\x){i") = x{g~^f9) foi' each torus R of G. We define the conjugate state 
g^S by the formula [g^S){R) = g\'E{g~^ Rg) for each torus R of G. With 
this notion in mind, we say that a state H is bounded if, for each torus R of 
G, UgeG 9*'^i^) is a finite set of characters of R. 
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Finally, any state defines a function /u(H) on X*(G) by 

(12) /^(S,7) = min (x,7) 

xe=(7{Gm)) 

called the numerical function of S. We say H is admissible if its numerical 
function satisfies ^(^,7) = fi{^,p • 7) for all p € -P(7), where ^(7) is the 
parabolic subgroup of G associated to 7. We will refer to bounded admissible 
states as Kempf states. 

Remark 2. Suppose H is a closed subgroup of a group G and that H is a 
Kempf state for G. Then Res^H, which assigns to any torus R of H the set 
of characters (for R is also a torus of G), is a Kempf state for H, as 

all of the compatibility conditions are clearly inherited from G. 

With these terms defined, we return to the situation of an affine G-scheme 
X. For each closed G-subscheme Y of X, define ry(X, xq) to be the set 
{7 G T(X,xq) : lim7(t) • xq exists in 1"}. 

Theorem 4 ([llj. Lemma 3.3). Let xq be a k-point of an affine G-variety 
X. Let Y be a closed G-subvariety of X not containing xq. Then there are 
Kempf states '^x,xo such that 

a. r(X,xo) = {7 G X*(G) : ^(Hx,xo,7) > 0}, 

b. Ty{X,xo) = {7 G r(X,xo) : /i(T5^,,o,7) > 0}. 

While not including the proof, we indicate the construction of the Kempf 
state '^x,xo given in [IT]. By the embedding theorem (Lemma 1.1 in [llj), 
there is a G-representation V and an equivariant closed embedding X . 
Identify X with its image in V . Since Vxo 1 G —t- X is an isomorphism 
onto the open orbit C X, we may ensure xq is not zero in V . As X is a 
closed G-subvariety of r(X, xq) = ViV^xo), so we may assume X = V 
is a G-representation. We define the state '^v,xo of xq in the representation 
V as follows. Let i? be a torus of G. Let V = ©^gx*(R) eigen- 
decomposition of V with respect to the torus R and let projv^(xo) be the 
projection of xq on the weight space V^. Set 

^V,xo{R) = {X G X*{R) : projv^^(xo) / 0}, 

for each torus R in G. Then Evxq is the Kempf state associated to the set 

r(x,xo) = r(i^,xo). 

Given a Kempf state H, define the set C X*(G) by 

(13) H^:={7GX,(G):MS,7)>0}. 

By Theorem m every collection of one-parameter subgroups T{X, xq) arising 
from an affine G-embedding is of the form for some Kempf state H. 
Furthermore, observe that 5 • % eigendecomposition oi g ■ xq with 

respect to R whenever ^ v-^ is the eigendecomposition of xq with respect to 
T = g^^Rg, so 

(14) Ev,g.xo{R) = g\{^v,xo{a'^Rg)) = 9*'^v,xo{R) 
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for all g G Gk- Thus, if T{X,xo) = S^, then g •T{X,xq) = T{X,g ■ xq) = 

Therefore, given an affine G-embedding X and a choice of base point 
Xq G Q, we obtain a Kempf state '^x,xo such that T{X,xq) = {7 G X*(G) : 
fj,{Ex,xo,l) > 0}. For each closed G-subvariety Y of X, we obtain another 
Kempf state such that FyiX, xq) = {7 G T{X, xq) : /i(T^ xo^'^^ ^ 

7. Strongly convex lattice cones 

One-parameter subgroups 71,72 G X*(G) are equivalent, as defined in 
Equation [21 if and only if, for all t G A; ^ , 

for some positive integers ni,n2 and some element g G P(7i). In this case 
we write 71 ~ 72. 

Definition 4. We say a subset T C X*(G) is saturated (with respect to 
the equivalence relation ([2]) of one-parameter subgroups) if, whenever 71 ~ 
72 and 71 G r, then 72 G T. F is called a lattice cone of one-parameter 
subgroups of G if r is saturated and the quotient Fi/ ~ of the one-skeleton 
of F (|lip is a finite set. A lattice cone F is called a convex lattice cone if 
there is a Kempf state H such that F = H^. Additionally, F is a strongly 
convex lattice cone if it is a convex lattice cone and 7,7"^ G F if and only 
if 7 is the trivial one-parameter subgroup of G. 

The strong convexity condition implies that the elements of generate 
X*{R) as a group for all tori R in G. 

Our terminology is compatible with that of toric geometry. If F is a 
strongly convex lattice cone as above, then each FnX*(T) is one in the sense 
of toric geometry. For if F is a strongly convex lattice cone, F = {7 G X#(G) : 
7) > 0} for some Kempf state H. Thus each FnX*(T) is the intersection 
of finitely many half-spaces, F n X*(T) = C\xes(T){''^ ^ ^*(T) : {x,v) > 0}, 
so it is a convex lattice cone in X* (T) . Strong convexity follows as the same 
condition is required of F. 

Lemma 3. If X is an affine G-embedding with base point xq G $7, then the 
set T(X,xo) = {7 G X*(G) : lim7(t)xo exists in X} is a strongly convex 

lattice cone. 

Proof. Suppose X is an affine G-embedding and xq G X is a base point. 
Then T(X,xo) = {7 G X*(G) : lim 7(t)xo exists in X}. By Theorem HI 

F(X, xo) = for some Kempf state. This, together with Proposition [TJd, 
implies that T{X,xo) is saturated. Moreover, Ti{X,xo)/ ~ is finite by 
Proposition O so T{X, xq) is a convex lattice cone. Therefore, it is a strongly 
convex lattice cone by Proposition [TJb. □ 
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8. The classification of affine G-embeddings 
Suppose 7 G X^fG). Recall that is the valuation — ivt o i-y) of k{G), 

where i^y : k{G) — >■ k{G){{t)) is the injection of fields filling the commutative 
diagram 



k[G] 



KG) 



k[G] (g) k[G\ ^ k[G] (g) k{{t)) 



mm) 



vt : k{G){{t))^ — > Z is the standard valuation, and n-y is the largest positive 
integer such that {vtoi^){k{G)'') C n^Z. Let = {/ e k{G) : v^{f) > 0} 
be the valuation ring in k{G) associated to v-y. 

Lemma 4. Let T be a maximal torus of G. // 71,72 G X*{T) C X*(G), 

then 

(15) (fe[G] n a,, ) n n a,, ) c n • 

Proof. Suppose 71 , 72 are one-parameter subgroups of a maximal torus T of 
G. Then 71+72 G X*(r) is also a one-parameter subgroup of G contained in 
T. The valuations v-yj , v^^ and ^'71 +72 f'l'e obtained from the homomorphisms 

A;(G)[[t]] to prove the lemma. Yet 



'-71 ) ^72 ^'^'^ ^71+72 1 so it is enough to prove that +72 



for i 



k[G] n a. 



k[G] 
1, 2 and 



A;[G] ® A;[G] 



fc[G] 



' k[G] (8) A;[G] 



i<ifc[G]<X){7i+72)° 



i(ifc[G] (81/*° 

A;[G] fe[G] O k[G] 



' k[G] ® A;[[t]] 
c 

k[G] ® A;((t)) 
■ k[G] (8) A;((t)) 



■^k[G](^k{{t))^k{it)) 



implies that ^7^+72 (A;[G] n O^^^ H O^^^ ) C k[G] ® k[[t]]. Thus, {k[G] n ) n 
{k[G] n ) C fe[G] n O^^.^.^ as claimed. 



□ 



"71 

^72/ — ■"L—J ■ ■ ~''7i+72 

Theorem 5. Affine G- embedding s are classified by strongly convex lattice 
cones of one-parameter subgroups inX^{G), up to conjugation. Conjugation 
corresponds to the change of base point in the embedding. 

Proof. Assume X is an affine G-embedding. The selection of a base point xq 
in X uniquely determines a set T{X, xq) C j£*(G), which is a strongly convex 
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lattice cone by Lemma [3l By Theorem [3l the set T{X,xo) determines the 
affine G-embedding X and the selected base point xq via an isomorphism 
V'xo : k[X] = A^x,xo) such that m^^ = ^~^{me n Ar(x,xo))- % Corollary [l] 
and formula ([7]), the selection of a different base point h ■ xq is equivalent 
to conjugating the cone T(X,h ■ xq) = hr{X, xo)h~^ and a corresponding 
right translation of the algebra >ir(x,h xq) = '^/i(^r(x,a:o))- Thus each affine 
G-embedding determines a strongly convex lattice cone, modulo conjugation 
in which in turn recovers the variety up to isomorphism. 

Conversely, we prove that every strongly convex lattice cone T C 
determines an affine G-embedding X-p such that T{Xy,xq) = T for some 
choice of base point xq € X^- Assume F is a strongly convex lattice cone, so 
r = for some Kempf state S. Define as in ([9]) to be the subalgebra 
of k[G] given by 

= {/ € k[G] : v^if) > 0, for all 7 S T} = k[G] n f| a,, 

where is the valuation subring {/ G k{G) : v{f) > 0} of k{G). Using 
this second description, since k[G] and all of the valuation rings are 
integrally closed in k{G), their intersection is an integrally closed domain. 
Furthermore, is left-invariant, since k[G] is and v^{g ■ f) = v^{f) for all 
/ € k{G) and g (z G implies that the valuation rings O^^ are G-stable as 
well. Hence is an integrally closed left-invariant subalgebra of k[G]. It 
remains to prove that is finitely generated over k and that the variety 
Xr = Spec Ar contains G as an open orbit. 

Let 71, . . . ,7m be a set of representatives for the equivalence classes in 
Ti/ ~, which is a finite set as L is a lattice cone. By Proposition [2] and 
Lemma HI 

m 

Ar = k[G] n fl a, = fl {k[G] n a,) = n(^[^] n ^-.,) 
7er 7gr i=i 

since any 7 G L belongs to some X* (T) , in which case it is a sum of elements 
from [rnX*(T)](l). Let /i, ...,/„ be a finite set of generators for the algebra 
k[G] over k, so k[G] = k[fi, ...,/„]. By Gordan's Lemma, the set 

n 

C = {(q) G Z" : ci, . . . , Cn > 0, ^ > for ah i = 1, . . . , m} 

i=i 

is finitely generated. Thus the "monomials" fi^f2^ • • • fn"' in the generators 
fi, . . . , fn of k[G] associated to the generators (ci, . . . , c„) of G admit a finite 
set of generators of as any element of A-p is an algebraic combination of 
such monomials. 

Therefore Xp = Spec^r is a normal affine G- variety with an open G- 
orbit, since Ay C k[G] implies f : G ^ Xp is dominant, so /(G) is an open 
orbit in Xy ([19J, Theorem 1.9.5). It only remains to show that /(G) is 
isomorphic to G as an orbit in Xp- Consider, for each torus R of G, the 
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image of A-p under the homomorphism k[G] k[R]. By construction of 
Ar = {f & k[G] : v^{f) > for all 7 € T} and the decomposition = 
©xerv(/?)^x' ^^^"^^ A^ = {f e A: f{xr) = x{r)f{x) for all r G R}, it 
is evident that the image of A^ in k[R] is the fc-monoid algebra A;[r^(i?)]. 
Hence we have the following commutative diagrams: 

^k[G] Xr- G 



onto 



onto closed 



closed 



fc[rv(i?)] k[R] = k[X*{R)] Rr-iR) R 

Since T is strongly convex, r^(i?) is not contained in any hyperplane, so the 
monoid T^{R) generates X*{R) as a group. This implies that R is isomorphic 
to an open subset of the closed subvariety i?rv(R) = Spec fc[r^(i?)] in Xr, so 
that f{R) = R for every torus R of G. Thus /(Ut T) = \Jt f (T) = \Jt T C 
Xr- Yet Ut^ contains a dense open subset O of G ([19], Theorem 6.4.5 
and Corollary 7.6.4) and f\\j x is an isomorphism, so O = f{0) is open in 
Xy- Thus f : G ^ X^ is a birational morphism [9J. As f{G) is an open 
orbit in Xr containing an open subset birationally equivalent to G, /(G) is 
isomorphic to G and f : G ^ Xy is an affine G-embedding. 

Finally, consider r(Xr, /(e)) = {7 G X*(G) : lim7(t)/(e) exists in Xr} = 

t-i>0 

{7 e X*(G) : 7°(ylr) C k[t]}, that is, the dual map 7° : C k[G] 
k[t,t~^] factors through k[t]. Thus, if 7 € F, so Vy{f) > for all / € Ar, 
then 7°(Ar) C k[t], and hence F C F(Xr,/(e)). Now let 7 € F(Xr,/(e)). 
Suppose 7 is a one-parameter subgroup of a torus T of G. Then lim j(t)f(e) 

t—)-0 

exists in the toric variety T C Xr , so the classification of toric varieties im- 
plies that 7 G F n X*(T), and hence that F(Xr,/(e)) C F. Therefore, 
Xr = SpecAr is a normal affine G-embedding such that F(Xr,/(e)) = F, 
which completes our proof. □ 

In the next sections, we discuss how our classification in Theorem [5] also 
describes equivariant morphisms between affine G-embeddings. In particu- 
lar, we show that equivariant maps between affine G-embeddings correspond 
to inclusions of the associated strongly convex lattice cones and conversely 
in Section [9l After that, we characterize biequivariant affine G-embeddings 
in terms of their cones and, using this result, construct the biequivariant 
resolution of an affine G-embedding in Section [TOl We remark here that 
Proposition [J] below may be seen as an affine version of Brion's classifica- 
tion [3] of regular G-compactifications. 



9. Equivariant morphisms between affine G-embeddings 

Suppose / : X — )■ y is an equivariant morphism between affine G- 
embeddings X and Y. By equivariance, if xq G X is a base point for X, then 
Uo = f{xo) is a base point for Y. Moreover, if 7 is a one-parameter subgroup 
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of G such that \mi"fit)xQ = x-y exists in X, then \im^(t)yQ exists in Y and 

is equal to /(x^) since / is continuous and fi'y(t)xo) = 7(t)/(j;o) = 7(^)2/0 
for all t 0. Therefore, there is an inclusion T{X,xq) C r(y, /(xq)) 
whenever there exists an equivariant morphism / : X ^ y of affine G- 
embeddings. Moreover, / is the morphism dual to the inclusion of the 
subalgebras ^r(x,xo) ^ ^r{y,/(xo)) ^ ^[C], because f{g ■ xq) = g ■ f{xo) and 
Gxq = 0,x is open in X implies that / is uniquely determined by its value 
at xq. 

Remark 3. Suppose X and Y are G-embeddings, not necessarily affine. 
If / : X — )■ y is an equivariant morphism and if xq is a base point for X 
(i.e., the orbit Gxq is isomorphic to G as G-varieties), then /(xq) will be 
a base point for Y and we can define the sets T{X,xq) and r(y, /(xq)) in 
the same manner as for affine G-embeddings. By the same argument as 
above, the existence of the equivariant morphism f : X ^ Y implies that 

r(x,xo) cr(y,/(xo)). 

Conversely, suppose T{X,xq) C r(y, yo) for two affine G-embeddings X 
and y. By Theorem [3l X = Spec Ar(x,zo) ^-^d Y = Spec ^r(y,yo) • '^^^ 
definition of A-p = {/ G k[G] : v^{f) > for all 7 € T} implies that 
^r(y,iyo) — ^r(x,x'o)) so there is a corresponding equivariant morphism of 
G-embeddings X ^ Y sending xq i-> yo- However, by Corollary [H the 
subalgebra of k[G] isomorphic to A:[Xr] is only determined up to right trans- 
lations, which correspond to conjugates of the cone F. Thus, 

Proposition 3. Suppose Xi,X2 are affine G-embeddings and ri,r2 are 
strongly convex lattice cones. 

sl. If xi G Xi is a base point and f : Xi — > X2 is an equivariant 
morphism of G-embeddings, then T{Xi,xi) C r(X2,/(xi)) and f is 
the morphism recovered from the inclusion: 



r 



T-(X2,X2) 



b. If there is an element h & G such that Ti C hT2h~^, then there is an 
equivariant morphism X^^ — ?• sending the base point xi G X^^ 
to h • X2 £ Xr^, where xrix^ = Ar^ fl trie for i = 1,2. 

Proof. We have already proven part 1 of this Lemma in the discussion prior 
to Remark [31 

To prove part 2, by Theorem [H we know that ri,r2 correspond to affine 
G-embeddings Xi = Spec^Pi and X2 = SpecAr2; respectively, such that 
Fj = T{Xi,Xi) for z = 1,2, where Xj is the base point of Xi corresponding 
to the maximal ideal nXe fl ^r^- Now suppose there is an element h ^ G 
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such that Fi C hT2h as in the statement of the lemma. We know that 
hT2h~^ = hr{X2, X2)h^^ = T{X,h ■ X2) by formula Hence we have 
T{Xi,xi) C T{X2,h-X2), so that Ar(^Xi,xi) ^ Ar{X2,h-x2) and thus Xi X2 
exists, is equivariant, and maps xi h ■ X2 as claimed. □ 

Example (The subcone of T(X,xq) associated to a torus closure). If X is 
an affine G-embedding and T is a maximal torus of G whose closure in X is 
denoted T, then Gx^T is an affine G-embedding and we have an equivariant 
morphismGx^T^X. Let T = T{X, xq) and a = T{X, xq) nX^T). Then 

r(Gx^T,[e,xo])= IJ p.(^7nAp(r)), 

where the union is taken over all parabolic subgroups of G containing T 
and Ap(r) = {7 G X*(r) : ^(7) 5 P}- There are only finitely many para- 
bolic subgroups P containing T, as there are only a finite number of Borel 
subgroups containing T (in one-to-one correspondence with the elements of 
the Weyl group W{T,G), [[19j, Corollary 6.4.12]), and, for each Borel sub- 
group B, there are only finitely many parabolic subgroups P B (indexed 
by subsets of the basis of positive roots of T relative to B, [[IS]) Theorem 
8.4.3]). In contrast, T = UqcG^ • (T n Aq(G)), where the union is taken 
over the set of all parabolic subgroups Q G (there are infinitely many, as 
there are infinitely many Borel subgroups each corresponding to cosets in 
G/B, which is projective) and Aq(G) = {7 G X*(G) : ^(7) 2 Q}- Clearly, 
for each P dT, 

a n Ap{T) = (rn x*(r)) n Ap(r) = rn Ap(t) = rn Ap(G) 

since Ap(G) C X*(T') for all maximal tori T' contained in P. Therefore, 
r(Gx^r, [e, xq]) is a finite union of the "parabolic components" of r(X, xq), 
so r(G T, [e, Xq]) is a finite polysimplicial subcomplex of T{X, xq), as the 
Aq(G) provide a triangulation of X*(G) IK]. 

10. BlEQUIVARIANT RESOLUTIONS 

In this section, we show that every affine G-embedding X canonically 
determines a (G x G)-equivariant affine G-embedding Xq together with 
a left- G-equi variant morphism Xq X, which we call the biequivariant 
resolution of X. As we will be working with varieties some of which only 
have a left action and others both a left and a right action, we will be careful 
to specify how G acts on varieties discussed in this section. 

Our first tool is the following proposition, which allows us to detect when 
an affine G-embedding also has a right-G-action X x G X extending the 
multiplication in G. 

Proposition 4. An affine G-embedding X will have both a left and a right 
G-action, and thus be a biequivariant G-embedding, if and only if the as- 
sociated strongly convex lattice cone T{X,xo), for any choice of base point 
Xq € X, is G-stable for the conjugation action of G on X*(G). 
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Proof. Suppose that X is a (G x G)-equivariant affine G-embedding and let 
X € X be a base point. Then X is determined by the strongly convex lattice 
cone T(X,x) = {7 G X^,(G) : l[m'y(t)x exists in X}. Let h ^ G and recall 

that hV{X,x)h-^ = T{X,h- x) by formula 1^. Thus it is enough to show 
that 7 G r if and only if 7 € T(X, h-x). Assume lim7(t)x exists in X. Then 

consider lim hl{t) ■ hx] = lim [7(t) • xh'] = [lim7(t) • x\ ■ h' , for some h' € G, 

and this limit exists in X by Remark[Tl since there is a right G-action on X. 
Thus T{X,x) C hT{X,x)h-'^. Now assume that 7' G T{X,h- x). Then, the 
same argument implies 7' G r(X, x) using Remark [TJ Therefore, for every 
h G G, T{X, x) = hT{X, x)h~^. Thus T{X, x) is G-stable for the conjugation 
action of G on jC*(G) for any choice of base point x G X. 

Now assume that F is a strongly convex lattice cone which is G-stable for 
the conjugation action of G on X*(G). Theorem [5] implies that T = T{Xr, xq) 
for some base point xq G Xr = Spec ^r- Then, by Corollary [H for any h £ G 
we have rh{Ar (Xr,xo)) = Ar(XrAxo) = ^/ir(Xr,xo)h-i = ^r- Hence Ar is a 
left- and right-G-invariant subalgebra of k[G], so there is a right G-action on 
Xr = Specvlr, which extends the multiplication of G by [19j, Proposition 
2.3.6. Thus Xr is a (G x G)-equivariant afhne G-embedding. □ 

Corollary 2. If X is a biequivariant affine G-embedding and T is any 
maximal torus of G, then the closure of T in X determines X completely. 

Proof. Let X be a biequivariant affine G-embedding with lattice cone T = 
r(X, Xq) for some choice of base point in X. Let T be any maximal torus 
of G. Consider T C X, which is an affine toric variety for T. Let a C 
X*(r) be the cone of one-parameter subgroups of T with specializations in 
T. Then o" = F R X*(T), by definition of F. If T' is any other maximal 
torus of G, then T' = gTg~^ for some g £ G and F n X*(T') = g[g^^{r n 
X,{T'))g]g-^= g[g-^Tgng-'X,{T')g]g-^=g[TnX.iT)]g-^=gag-\ Thus 
F = UggG d'^d^^ determined by the cone a, so X is determined by its toric 
subvariety T = T^^. □ 

We note the similarity between our classification of biequivariant affine G- 
embeddings and Brion's classification of regular G-compactifications. In 0], 
Brion classified regular compactifications of a group G by the W{T,G)- 
invariant fan associated to the closure of any maximal torus T of G in 
the compactification, demonstrating that regular compactifications of G are 
completely determined by any of the associated toric subvarieties. Likewise, 
Corollary [2] implies that if an affine G-embedding X is (G x G)-equivariant 
and T is a maximal torus of G, then the cone for T recovers X. Therefore, 
we may think of Proposition [4] and Corollary [2] as an affine version of Brion's 
classification. 

Remark 4. Suppose X is a (G x G)-equivariant affine G-embedding and 
suppose that xq G X is a base point. By Proposition H] above, the set 
F(X, xo) is stable under the conjugation action of G. However, by formula 
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([Tj), we conclude that T{X, xq) = hr{X, xo)h^^ = T{X, h ■ xq) for all h £ G. 
Therefore, the strongly convex lattice cone associated to a biequivariant 
affine G-embedding is independent of the choice of base point. 

We use these observations to construct the biequivariant resolution of an 
affine G-embedding X. Suppose X is an affine G-embedding, xq G ^ is a 
base point, and T = r{X,xo) is the corresponding strongly convex lattice 
cone. Then there is a unique maximal G-stable subset 

(16) := Pi hVh-^ 

of r. In fact. 

Lemma 5. If T is a strongly convex lattice cone in X*(G), then F*^ is a 
strongly convex lattice cone. 

Proof. Let F be a strongly convex lattice cone. Let H be a Kempf state 
such that r = H^. Define F*^ = Of^^^^hTh'^ as in ([16]). We claim that 
G*H : R I—)- Ug^Q g^:E{R) is a Kempf state and that F^ = (G*H)^. 

First, G*H is a state, for each g^:E is a state implies that G*H(i?) is 
nonempty for all R and that if 5 D i?, then G^:E{R) = {J^^^ g^:E{R) = 



U3eGRes^b*H(5)] = Res^ [[j^^^ g,E{S)\ = Res^[G,S(5)]. Next, G.H is 
bounded, for if /i G G, then /i=K[G*H](i?) = UpgG ~ UggG(^5)*"(-^) 

G*H(_R), so (J/igG ~ G^,E{R) = [J^^^ g^,E{R) is a finite subset 

of X*{R) for each R, since H is a bounded state. Consider the numerical 
function /i(G*H). If 7 G X*(G), then /x(G*H,7) = min^gc._^2(^) (x, 7) = 

™™xgU9.s(7)(x,7) = mi%gG min^g^^s(^) (x, 7) = miuggG ^^(5*^, t)- There- 
fore, 

(17) fi{G^E,j) = mmfi{g^E,j). 

Each is a Kempf state, hence admissible. Hence, if 7 is a one-parameter 
subgroup of G and p G Pij) belongs to the parabolic subgroup associated to 
7, then/i(G*H,p«7) = miuggc ^(5'*S,P*7) = miuggG ^(5*^, 7) =/i(G*H,7). 
Thus G*H is admissible, so G*H is a Kempf state. Moreover, (fT7|) implies 
7 G (G*H)V if and only if ^(5*^,7) > for ah 5 G G. But {7 G X*(G) : 
^(5*H,7) > 0} = (5*H)V = giE'^jg-^ = gTg-^ by ([MD, so (G.H)^ = F^ as 
claimed. 

Thus F'^ = {7 G X*(G) : /i(G*H,7) > 0}, which implies 7 G F'^ if 
and only if 7" G F*^ for every positive integer n > 0, as //(G*H,7") = 
n//(G*H,7). We use this condition to demonstrate that F*^ is saturated 
with respect to the equivalence relation r^. Suppose 7 G F*^ and (5 ~ 7. 
Then there are positive integers m, n > and an element g G P{'y) such 
that 5™ = g'y"'g~^. Yet 7 G F*^ implies that 7" G F*^, for n > 0. Hence 
§m ^ g^ng-i ^ gT^ g-^ = g [{^^^^hVh~^) g'^ = F^. Sluce m > 0, this 

implies that 5 G F*^ as well, so that F*^ is saturated. 
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To prove that T is a convex lattice cone, it is left to show that the set 
Vf/ ~ is finite. This is clear since Vf C Fi and F is a convex lattice cone. 

Finally, as F*^ C F, it is clear that 7,7"^ S F*^ implies that 7 = e is 
the trivial one-parameter subgroup of G. Furthermore, e G hTh~^ for all 
h e G, so e e V^. Thus 7,7"^ G F*^ if and only if 7 = e. Therefore, F'^ is 
a strongly convex lattice cone in jC,,(G). □ 

Let X be an affine G-embedding and select a base point xq € X. Let 
F = T{X,X()) and define F*^ = P)^gg. /iF/i~^, which is a strongly convex 
lattice cone. Then Xq ■= SpecA-po is a (G x G)-equi variant affine G- 
embedding by Theorem [5] and Proposition^ and there is a left-G-equivariant 
morphism f3(^x,xo) ■ -^G ^ corresponding to the inclusion ^r(x,a;o) ^ 
of subalgebras in k[G]. 

Definition 5. We call Xq together with the left- G-equi variant morphism 
l^{X,xo) '■ -^G ~^ ^ the biequivariant resolution of X. 

We make a few remarks about the biequivariant resolution of an affine 
G-embedding before we prove its universal property. First, if X is already 
a (G X G)-equivariant affine G-embedding, then F = F*^, so Xq = X. 
However, it is possible in some cases that Xq = G even when X ^ G. 

Second, while the cone F*^ is canonical, the morphism /3(^x,xo) • -^G ~^ ^ 
is only defined up to right translation, which corresponds to a different 
choice of base point x G X as follows: rh{P(^x,xo)) ~ f^{x,h-xo) 

■.Xg^X. 

This is true because the identification of k[X] with a subalgebra of k[G] is 
determined by the selection of a base point and changing the base point cor- 
responds to right translation of the subalgebra in k[G] by Corollary [TJ Then 
the morphism /3(x,/i-xo) • -^G X is defined by the inclusion of ^r(x,ft,-xo) — 
rh{Ar(x,xo)) C A^G, from which it is clear that f3(x,h-xo) = rhW{x,xo))- 

Theorem 6 (Universal Property of Biequivariant Resolutions). Suppose X 
is a left-G-equivariant affine G-embedding, xq ^ X is a base point, Y is 
any (G x G)-equivariant affine G-embedding, and ip : Y ^ X is a left-G- 
equivariant morphism. Then there is a unique {GxG)-equivariant morphism 
(P(Xg,xo) '■ ^ ~^ -^G such that tp = P(^x,xo) °V{Xg,xo)- That is, the biequivari- 
ant resolution of X satisfies the following diagram: 

Y ^X 

\ 

Xg 

If x\ = h ■ xq is another base point for X, then = ''^h{f3(x,xo)) 

^{Xg,x^) = rh-i{^{XG,xo))- 

Proof. Let X be an affine G-embedding and identify k[X] with the left- 
invariant subalgebra Ar(x,xo) of by selecting a base point xq £ X. 
Suppose that y is a (G x G)-equivariant affine G-embedding and that ip : 
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y — > X is a left-G-equivariant morphism from Y to X. By equivariance, 
there is a unique element yo £ Y such that fiyo) = xq, since ^fluy '■ — > 
fix is an isomorphism with — — G. Then the cone r(y, t/q) is G- 
stable by Proposition H] and is a subset of T{X,xo) by Proposition [31 Using 
yo, identify k[Y] with the {G x G)-invariant subalgebra A-p^Y,yo) of k[G]. 
By Corollary [H Aj^(Y,h-yo) = ^/*(^r(y,3/o)) = ^r{y,2/o)' ^h /i G G, so the 
algebra Ar(yyQ) is independent of the choice of base point. Hence it is the 
only subalgebra of k[G] which is isomorphic to klY] as a (G x G)-algebra by 
Theorem [5j 

Clearly r(y,yo) = R^eG ^r(y, yo)/i~' C f]^^chT{X,xo)h-^ = r(X,xo)^ C 
r(X, xo), so that A-p(^x,xo) <^ ^r{x,xo)^ *^ ^r(y,j/o)' indicated in the dia- 
gram below. Moreover, as r(X, xq)*^ is G-stable, applying Corollary [T] again 
shows that ^r(x,a;o)<3 a uniquely determined subalgebra of k[G] which is 
independent of the choice of base point xq X made above. Thus we have 
the following diagram of algebras: 



k[G] 




= k[XG] 



The morphism ^P(Xc,xo) ■ ^ ~^ -^G corresponds to the restriction of the 
homomorphism (V'yo)"^ k[XG] = ^r(x,xo)G ^ k[Y], while /3(x,xo) : 

Xg X is dual to the composition of tp°^^ : k[X] — )• ^r(x,/ro) followed by 
the canonical inclusion ^r(x,xo) ^r(x,xo)'^- Then it is clear that ip factors 
as (p = /3(x,xo) ° V^{Xg,xo)- 

Now suppose that xi = /i-xq is another base point in X. Then h-yo is the 
unique element of Y such that Lp{y) = xi, for if{h ■ yo) = h ■ if{yo) = h • xq. 
Then is an isomorphism from k[X] to ^r(x,h-zo) = Ahr(x,xo)h-^ = 
rhiArix,xo)) C k[G]. Yet r(y,/i • yo) = T{Y,yo) C r(X,xo)^ = r(X,/i • 
xo)^ C T{X,h- xo), so we have = (V'lyJ"' « i^lxo ■ k[X] ^ As 
above, this factors through the inclusions ^r(x,/i-xo) ^ klXc] = ^r(x,/i-zo)<^ ^ 
Ar{Y,h-yo)^ giving morphisms (f^XoAxo) ■ Y Xq and /3(x,h-i^o) • ^ 
X corresponding to {tptyX^ = [rhii'yo)]'^ = ^/.-i [(V'yo)"^] and V^.^^ = 
^?»(V'So)! respectively. Hence (p^XaAxo) = rh-^{^{XG,xo)) and l3{XAxo) = 
rh{f3(x,xo))- n 
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